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Abstract. Classical contact Lie algebras are the fundamental algebraic structures on the man- 
ifolds of contact elements of configuration spaces in classical mechanics. Xu introduced a large 
category of contact simple Lie algebras which are related to locally finite derivations and are in 
general not finitely graded. The isomorphism classes of these Lie algebras were determined in a 
previous paper by Xu and Su. In this paper, the derivation algebras and the 2-cohomology groups 
of these Lie algebras are determined, and it is obtained that the 2-cohomology groups of these 
Lie algebras are all trivial. 
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§1. Introduction 

One of the four well-known classes of infinite dimensional simple Lie algebras of Cartan 
type is the class of contact Lie algebras. Classical contact Lie algebras are the fundamental 
algebraic structures on the manifolds of contact elements of configuration spaces in classical 
mechanics. Simple contact Lie algebras have been studied by Kac [2, 3], Osborn [5], Osborn 
and Zhao [6], and Xu [9, 10]. In [9], Xu constructed a class of contact Lie algebras based 
on the pairs (^,1^), where ^ is a commutative associative unital algebra and D is a finite 
dimensional commutative subalgebra of locally finite derivations of A such that A does 
not have proper "D-stable ideal. From the classification of such pairs {A, T>) in [8] , it is 
known that the class of contact Lie algebras in [9] is the largest class under this locally 
finite condition. 

In [7], Xu and Su determined the isomorphism classes of the contact Lie algebras given 
in [9]. Osborn and Zhao [6] determined the isomorphism classes of the contact Lie algebras 
constructed by themselves. The problem of determining the derivation algebras and the 
2-cohomology groups of the Lie algebras given in [6] remains unsolved. In this paper, we 
shall solve this problem for the contact Lie algebras given in [9] (thus also solve the problem 
for the Lie algebras given in [6]). 

The significance of derivations for Lie theory, as pointed in [1], resides in their affinity 
to the cohomology groups, their determination affords insight into structural features of Lie 
algebras which do not figure prominently in the defining properties. Some general results 
concerning derivations of finitely graded Lie algebras were established in [1]. However in 
our case the Lie algebras are in general not finitely graded, the results of [1] can not apply 
here, thus the determination of the derivation algebras of Lie algebras of this kind is a 
nontrivial problem. We use a different technique to solve the problem here. 

The 2-cohomology groups of Lie algebras play important roles in the central extensions 
of Lie algebras, which are often used in the structure theory and the representation theory 
of Kac- Moody algebras (cf. [4]). Since the cohomology groups are closely related to the 
structures of Lie algebras, the computation of cohomology groups seems to be important 
and interesting as well. 

In Section 2, we shall present the contact simple Lie algebras given in [9] in what we 
call the normalized forms (cf. [7]). Then the determinations of derivation algebras and 
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2-cohomology groups of these Lie algebras are given in Sections 3 and 4 (see Theorems 3.1 
and 4.6) and we obtain that the 2-cohomology groups of these Lie algebras are all trivial. 

§2. Normalized forms 

For m, n G Z, we denote rrTji — {m,m + 1, Let i — {£i, ...,-^6) £ such that 

Ep=i -^P > 0. We denote 



to = 0, Li^£i+e2 + - + £i, + for i = l,2,...,6. (2.1) 



Set lij = ^i<p<jlp = k-i + ij ior 1 < i < j < 6. Set 



/ = g = 1, ig, J = 1, 2i6, K ^{0}\JK for C J. (2.2) 
Define the map ~ : J — > J to be the index shifting of Lq steps in J, i.e., 



p = p+ie if pel, 66, or p = p-iQ if pe66 + l,2t6. (2.3) 
For any subset K of J, we denote = £ X}. Thus J — I Li I. Set = liU li, 

An element of the vector space is denoted as 

a — (cco, cci, cky, a^g, cttg) with ctp e F for all p & J. (2.4) 

For a e and K C J, we denote by the vector obtained from a with support K, 

i.e., 

a/f = (/3o,/3i, A", As, ^^^^ 
with Pp — ii p ^ K and j3p — ap if p e 

When the context is clear, we also use ax to denote the element in FI-^' obtained from a 
by deleting the coordinates at p e 0, 2i\i^; for instance, cc^i ^} — (q^IjCKj)- Moreover, we 
denote 

a[p] = (0, ...,0,a,0,...,0) e F^+2' for a G F. (2.6) 

Take 

[ -lb] - if P e /i,3, 

= CTp = <j -l[p] if P e /4,5, (2.7) 

[ a peh. 

Let r be an additive subgroup of F^"'"^''® such that 

{llp]\pe Ji,3 U /4,5} C r C {« G Fi+2^« I = 0}, and (2.8) 

i[o] e r if Fo ^ {0}, (2.9) 

where in general, we define Fp = {ap | (ckq, ai, ax, a^g, a^g) G F}. 
Take Jo = {0} or N such that Jo + Toy^ {0}, and 

Ji = {^^^'''\iH,,uuui, = 0}, (2.10) 
and set J" = {Jo, Ji) C N^"*"^^^, an additive subsemigroup. An element of J is denoted as 

(io, i) = («o)[o] + i, with io G Jo, i e Ji- (2.11) 
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Let A be the semigroup algebra F[r x J"] with basis B and multiphcation • defined by 

B = {x-'^{a,t)erxJ}, ^^^^^ 
. ^/3j ^ ^a+(3,i+j for (a, i), (pj) e r X J. 

Then •) forms a commutative associative algebra with 1 = x*^'^ as the identity element. 
For convenience, we often denote 

= f = = for p e J. (2.13) 

In particular, f = YlpeJ^^p ■ 

Define the operators {dp,d*,dtp\p ^ J} on A by (in fact, they are derivations of {A, •)) 

dp = d; + dt^ and ^^(a;"'^ = \{x"'^) = (2-14) 

for j9 G J, («, i) e r X J", where we always use the convention that = if (a, ^Fx J. 
In particular, 

9; = 0, = for pehu 74,6, g e /i,2 U /4 U 7i, (2.15) 

by (2.8), (2.10). We call d* a grading operator if (9* 7^ 0; dt^ a down-grading operators if 
7^ 0; and 9* + dt^ a mixed operator if 9* 7^ 7^ (9t^. Then the types of derivation pairs 
in the order of the groups {{dp, dp) \ p E /«} for i e 1, 6 are 

{9,9), {9,1^), {m,m), {g,d), {m,d), {d,d), (2.16) 

where "m" , "g" , "d" stand for mixed, grading, down-grading operators. 
We denote 

Define the following Lie bracket [•, •] on A: 

[u,v] ^J2x''^{dpiu)dp{v)-dp{u)dp{v)) 

P&i (2.18) 
^{2-d){u)d,{v)-d^{u){2-d){v), 

for u,v & A (cf. (2.3)). Then {A, [•, •]) forms a contact Lie algebra, which is in general not 
finitely-graded. The algebras {A, [■,■]) are the normalized forms of the contact simple Lie 
algebras given in [9]. We denote the Lie algebra {A, [•,•]) by 

K = /C(f, (7, r, J), where cr = ^ (Tp. (2.19) 

Then the Lie algebras given in [6] are the Lie algebras /C(£, a, V, {0}) with £ = (£1, 0, 0, 0, 0, 0). 

§3. Structure of derivation algebras 

In this section, we shall determine Der K,. Recall that a derivation d of the Lie algebra 
/C is a linear transformation on /C such that 

d{\ui,U2]) = [d{ui),U2] + [ui,d{u2)] for ui,U2&lC. (3.1) 
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(3.2) 



Denote by Dcr fC the space of the derivations of /C, which is a Lie algebra. Moreover, the 
space ad/C = {a.du\u G /C} is an ideal Elements in ad/C are called inner derivations, 
while elements in Der/C\ad/C are called outer derivations. 
We give the explicit form of (2.18) as follows: 

— * 

peJi,3 

pe/2,5 

+ ((2 - ^(« J))/5o - ao(2 - t9(/5, J)))x"+^'^+^^ 
+((2 - ^(a,?))jo - ^o(2 - ^(/?, J)))x"+^'^+^'-ira, 

for (a,i), (/3,j) G F x J, where 

i?(q;, i) = E + E for (a, i) e r X J^. (3.3) 

peJl,3U/4,5 pe76UT4,6 

In particular, 

[1, xf^'^ = 2(3ox'^'^ + 2joa;^'^"-^[°i , (3.4) 

r {(3p-f3p)x^'^ forpe/i, 
[^-ap ^ J] = J (/^ _ J + j-x(^J-hv] for p e /s, (3.5) 

i (/^ - Pp)x'^'^ - jpX^'^'-^w + jpx'^'^'-Mp] for p e I3, 

i (-Pa+ja)x'^'^ forge 74, 

I (-/5, + Jf)a:^'^ - Jgx'^'^-'M for g G Jg, 
[^iw+i[^] ^ 2./3J] ^ _ j^^rf.P3 for r e /e. (3.7) 

We shall find out all possible derivations of /C. First, observe from definition (2.14) and 
(2.18) that for p G /2 U J3 U /s, the operator dt^, is an outer derivation of /C. Next, denote 
by Hom^(F, F) the set of group homomorphisms : F ^ F such that /x(crp) — for p G /i,5. 
For 11 G Hom2(F,F), we define a linear transformation on AT by 

d^(x"'^) = ^(q;)x"'^ for (Q;,i')GFxJ. (3.8) 

Clearly, by (3.2), d^ is a derivation of /C. We identify Hom^(F, F) with a subspace of Der /C 
by /i. H- > (ij^. For p G /i,3, we define iip G Hom2(F, F) by iip{a) = ap — ap. By (3.5), we have 

d^^^eidx-'''' + dt^-dt^ for pG/1,3. (3.9) 
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We also define //q : a i— > a^. If J^o = N, we see that (i^/^ = ^{adl — dt^) is an outer derivation; 
in this case we set fiQ = 0. If j7o = {0}, then rf^j^ = ad 1 is an inner derivation; in this case, 
we set /Iq — /i'q. We fix a subspace Hom2(r, F) of Homg(r,F) such that 

Homi(r, F) = HomJ(r, F) e span{/Xp | p e /i.a}, (3.10) 
is a direct sum as vector spaces. Then we have 

Theorem 3.1. The derivation algebra Der K, is a direct of suh spaces: 

Der/C= Fai,0Hom*(r,F)0ad/C. (3.11) 

pel2UJ3Ui"6 

Proof. First we prove that the right-hand side of (3.11) is the direct sum. Thus suppose 

peT2UJ3U/5 (a,?)erxj7 

is the zero derivation, where Cp, ^ e F, e HomJ(r, F) such that {(a, i) e F x J" | ^ 7^ 0} 
is a finite set. Applying d to ^""'"^[^i, i^ra for g e 74^5, we obtain that 

Ca,i 7^ ^ ctg = = for g e 14,5. 

In particular, c_o.^_i|_j = for e 745. Applying d to for /3 e F, by calculating the 

coefficients of x^^'^ with X^^^j Jp being maximal and by calculating the coefficient of x^, we 
obtain 

+ Co,o/3o + J] c_,^,o(/9p - /^) = for all e F. (3.12) 

pe-fi,3 

If j7o = {0}, then by (3.10), we obtain /i = 0, Co,o = C-o-^ = for p G h^z', if JTo = N, applying 
d to to, we obtain in particular co,o = 0, then (3.10) and (3.12) again give = 0, C-cr^ = 
for p e 7i^3. Now applying d to the set 

{1, s, x-"^, x^w , , x-'^^'^ra , x^w , t^i^i , t^w+M^i , t^{r\ , t2[-] I 

p e 7i,3,g e 74,5, r e 76}, 

where s = if Fq 7^ {0} and s = to if To = {0}, we obtain by induction on X^peJ^P ^^^^ 
— {'^■^) e F X J'. Finally applying d to t^ for p e 72 U J3 U 75, we obtain Cp = 0. 

Thus the right-hand side of (3.11) is a direct sum. 

Now let d G Der /C and let D be the space in the right-hand side of (3.11). Note that 

D D IIom^(F,F) by (3.9) and (3.10). We shall prove that after a number of steps in each 

of which d is replaced by d — for some d' & D the zero derivation is obtained and thus 

proving that d E D. This will be done by a number of claims. 
Claim 1. Let 

A[ = {x-'^^x-'^-iH \pe 72,3, g G /5}, (3.13) 

and Ai = A[ if Jo = {0} or Ai = A[ U {1} if Jo = N (note that Ai is the set of ac?-locally 
finite but not a(i-semisimple elements of the basis 7?). Say Ai has ni elements, and list 
its elements as yi, ...,yni- Let u E IC. For any r G l,ni, we can choose v & K. satisfying 
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u — [Vrjv] such that if [yq,y] = 0, then [yq,v] = for e l,r — 1, i.e., any element u of 
/C is an image of the operator ady^ such that if u commutes with t/q, then we can find a 
preimage v also commuting with yg. 

Since m is a linear combination of the basis elements x"'', we can suppose u = x°''\ We 
shall use (3.4)-(3.6) to prove the claim. Say — x^'^^ for some p E I3 (otherwise the proof 
is similar). 

If ccp ^ ap, by (3.5), we can take vi — {ap — Q;p)~^x"'* such that 

u — [yr, vi] = ui, where ui = {a^ — Q!p)"^(ipx"'*"^w — ipX°''''~^^p^) . 

By induction on ip + ip, we can take V2 such that Ui — [yr, V2] ■ Thus we can find v — V1 + V2 

such that u = [yr,v]. Furthermore, if [yq,u] = 0, we must also have [y^, t"!] = (by 
(3.4)-(3.6), since yq G Ai), and by induction, we also have [^5,^2] = 0. 

Now suppose ap — ap. Take Vi = {ip + l)~ia;"'*"'"^M, we have 

u — [yr,vi] = V2, where V2 = (ip + iy^ipX°'''^'^^^p^~^^pL 

By induction on ip, we also have the result. This proves the claim. 
Claim 2. Wc can suppose d{Ai) = 0. 

For r G l,ni, suppose we have proved d{yq) = for g < r. Let u = d{yr). We have 
[yq,u] = d{[yq,yr]) — [d{yq),yr] = (note that Ai is commutative). By Claim 1, there is 
V G /C such that u = [yr, v] and [yg, v] — 0. Replacing d by d + adv, we obtain d{yq) — 
for q < r, thus the claim follows. 

Claim 3. Let 

A'^ = \pe li,qe h,r e h}, (3.14) 

and let A2 = A!^ U {1} if Jo = {0} or A2 = A'^ if Jo = N (note that elements of A2 are all 
ao?-semisimple and that Ai U A2 is commutative). We can suppose ^(^2) = 0. 

Say A2 has n2 elements and list its elements as zi,...,Zn2- For r G 1,^2, suppose we 
have proved d{zq) — ior q < r. Let u — d{zr)- We have 

[yp, u] = d{[yp, Zr]) - [d{yp), Zr] = for p G l,ni, (3.15) 

[Zq,u] = d{[Zq,Zr]) - [d{Zq),Zr] = -[d{Zq),Zr] = for q < T. (3.16) 

Write M as a linear combination of the basis B (cf. (2.12)). Suppose a term x"'* appears in 
u with coefficient ^ 7^ 0. The above two equations give 

[z/p,x^ = [z„x^ = 0. (3.17) 

Say Zr — for some ri G I4, (otherwise the proof is similar). If ir-^ 7^ a^, then by 

replacing d hy d + a.dv for v = c^:^{iri — Q;ri)~^a:°'*, we see from (3.6) that the term x"'* 
then disappears in d{zr), and furthermore, after this replacement, we see from (3.17) that 
d{yp) = d{zq) = still holds. Thus we can suppose 

u — d{zr) G span{x"'* | ir^ — a^}. (3.18) 
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Now for any x^^'^ e /C with — jri , we have 

-[' 

Note from (3.18) that a nonzero term x'^''' appearing in the left-hand side of (3.19) must 



(3.20) 

2d(x2ln] ) - [d(x^lri] ) , x'""^^ ''[^ii ] . 



satisfy kr^ = 'yri- But such a term cannot appear in any image of adx~'^''^' '^i', i.e., the 
coefficient of such a term in the right-hand side of (3.19) is zero. Thus (3.19) is in fact 
zero. Similarly, a nonzero term appearing in the left-hand side of (3.20) must have the form 
2,"+2[ri]+o-ri,«-i[F^] _ ^Q+i[^^],j-i[rj] g^p]-^ that x"'* appcars in u. But, if the term 
appears in the right-hand side of (3.20), then it must appear in (i(a;^i''ii), and by calculation, 
the coefficient of such a term in the right-hand side of (3.20) is a multiple of 

2 - {{Uri + 1) - {iri - 1)) = iri " = 0, 

i.e., (3.20) is also zero. Then (3.18)-(3.20) show that u commutes with all elements in the 

set {x^'^, | /3r^ = jr^}. Such an element u has to be zero. This completes the proof of 
the claim. 

Claim 4. Let 

A'3 = {x2bi,t2M|pe/^5,ge/g}, (3.21) 

and let = A'^U {x^m} if To ^ {0} or A^ = A'^U {to} if Tq = {0}. We can suppose 
diAs) = 0. 

Consider d(a;^M) for r E h. Note that x^M is a common eigenvector for ad(74i U A2), 
and d commutes with ad {Ai U A2). Thus (i(x^M) is a common eigenvector for ad {A1UA2). 
Prom this and (3.4)-(3.7), we obtain that if x"'* appears in o?(x^M) with coefficient c^^ 7^ 0, 
then 

ao = io = 2 + a- — a-r = 0, 

_. _. _ . _ . (3.22) 

for Pi e Ii,3\{r},P2 G l2,3,P3 G -^3 U h,P4 G Iq. If ar —1, we take v = (a^ + 
^)^^'^a i^"^^''^' replace d by d + adf. Since v commutes with Ai U A2 by (3.22), 

after this replacement, we still have Claims 2 and 3, but then the term a;"'* disappears in 
(i(a;^[''i). Thus we can suppose 

if x"'^ appears in d(x^w). (3.23) 
Noting that A3 is commutative, we have 

[y,ci(x2H)] = -[%), x^w] for ye A,. (3.24) 

Note from (3.21) and (3.23) that any nonzero term x^'^ appearing in the left-hand side of 
(3.24) must satisfies Pr — —1- But such a term does not appear in any image of adx^M, 
thus (3.24) is in fact zero. Hence ^(x^M) is a common eigenvector for ad(Ai U ^2 U A^). 
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Prom this and formula (3.2), one can easily deduce that d(x^M) = 0. Similarly, we can 
prove d{y) = for any y G A3. Thus the claim follows. 
Claim 5. Let 

A'^ = {x^m , I p e h,s, q e 74,6}, (3.25) 

and let Ai = A'^U {x^^m} if Tq =^ {0} or A4 = A'^ if Tq = {0}. We have ^(^4) = 0. 

Set S3 = Ai U U A3. Consider (i(x^m), p e /i,3. Note from formula (3.2) that x^m 
commutes with all elements of except two elements, i.e., 

[y, x^m] = 0, [a;-'"^ x^M] = 2a;2m , [x^w , x^m] = 4a;-'"^ (3.26) 

where y e 743\{x~'^f , x^w} (cf. (2.7)). Applying d to (3.26), we obtain that (i(x^w), if not 
zero, is a common eigenvector for adi?3. But from (3.2), we see that adi?3 does not have 
a common eigenvector. Thus (i(a;^M) = 0. Similarly we have d{y) = for any y e A4. This 
proves the claim. 

Claim 6. For any p e i"i,3, let = {k^p] + {2 — k)^] \ k e Z} C T. We can suppose 
d(x") = for « = A;[p] + (2 - A;)[p] G F^ (recall notation (2.13)). 

Note that if /c = 0, 1, 2, then a = 2[p], — o"p, 2[p] respectively, and the result follows from 
Claims 2-5. Now the general result can be proved as in the proof of Claim 5 by induction 
on \a\. 

Claim 7. We can suppose d — 0. 
For any i e J", we define 

pGJ\J6 peJ\J6 
For n e N, we denote 

/C„ = span{x"'^ I I?! < n}. (3.27) 

Inductively suppose we have proved d(/C„_i) = 0. Consider u — d(x"'*) with |i| = n and 

suppose a nonzero term x^'^ appears in u. 
Assume that p & Iq. Applying d to 

[i^w+iw , x"'^] = {ip - ip)x"^\ [t^is , [fiP] , x"'']] = -A{ip + l)ipx'''\ (3.28) 

we obtain 

[thv]+h.i , u] = (ip - tp)u, [t'w , [t^bi , u]] = -4{zp + l)ipu. (3.29) 
By computing the coefficients of x^'^ in both sides of each equation in (3.29), we obtain 

jp jp ~ '^p '^pi {}p ~l~ 1)% ~ (jp ~l~ l)jp) 
from this, since ii,ip,jp,jp are all nonnegative integers, we obtain 

— jpi ip — jp- (3.30) 

Similarly, we can prove 

Po = «o, jo = if Fo ^ {0}, or jo = io if Fq = {0}, (3.31) 
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Pp- Pp^ap- ap, {Pp + l)Pp = (ftp + l)ap, jp = = for p e 7i,3, (3.32) 
Pp = Up, jp ^jp^ip^O for p e 74,5, (3.33) 

and similarly, we have 

(-(/5p-2)-3(/5p + 2))(/^-l)/^ ^^^^^ 
= (-(ftp - 2) - 3(ap + 2))(ap - l)ap for p e h^s, 

which is the eigenvalue for (adx~^w+^w)(ada;^w)^ corresponding to the eigenvector u, and 

Op = ttp = =^ /3p = /3p = for p e /i,3, (3.35) 

because if ctp = «p = then [x^w , x"'*] , G )Cn-i ^-nd so w commutes with both 

x^w and From (3.32), we solve that 

iPp, Pp) = (ftp, ftp) or {-ap - 1, -ftp - 1). (3.36) 

If {Pp, Pp) 7^ (ftp, ftp), by (3.34) and (3.36), we obtain 

(Q;p + Q;p)(ap + Q;p+ l)(Q;p + ap + 2) = if {Pp, Pp) ^ {-ap - 1, -ap - 1). (3.37) 

Thus if we suppose 

aq + aqj^ 0, -1, -2 for all g G {p G /i,3 | {ap, ap) ^ 0}, (3.38) 

then we obtain from (3.35)-(3.37) that Pp = ap for p G Ji.a. This together with (3.30)- 

(3.33) gives that {P,j) = {a,ij^) if Fq ^ {0} or {P,j) = {a,ijj if Tq — {0}. i.e., u has at 
most one term, so we can suppose 

^(^"'^) = c^^^x^'^-'e if To ^ {0}, or d(x"'') = c„,?x"'^^6 if To = {0}, (3.39) 
for some c^^ G F. Note that we deduce (3.39) under the condition (3.38). For a G F, let 

'S'a = {p e h,3 I {oip, oip) 7^ 0, ap + ap^ 0, -1, -2} and ttIq = \Sa\- (3.40) 

We want to prove by induction on the following 

Statement 1. Condition (3.38) can be removed, i.e., (3.39) holds for all a G F. 

— * — * — * — * 

Note that if we can find (//, j), {I'jk) G F x J", \j\ < n, <n such that 

j^mJ ^ x'^'^] = cix"'^ + C2x"-'"^'* + y, (3.41) 

for some ci,C2 G F, p G 5'q,,|/ G /C„_i with ci 7^ 0, m^u = 0, < m^, then we are done 
because either p ^ Sa-ap (then rua-ap = ma — 1), or p G S'^-o-p (then ap + ap = —2 and 
(a — (Tp)p + (a — (Tp)p = 0, and wc can use induction on ap + ap), and we can use (3.1), the 
induction on m„ and the assumption that d{ICn-i) = to obtain (3.39). 

Assume that p E Sa- In all cases below, we can choose j = 0, k = i and choose n, v as 
follows so that (3.41) can be satisfied (where j, k,l E'L are suitable integers to guarantee 
ci 7^ 0, = 0, < rria), 

= J\p] + k\p], = «+ (1 - j)[p] + (1 - /c)^] if (ftp, ap) 7^ (-1,-1), (3.42) 
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II — kap, V — a — k(Tp if cto 7^ 0, (ctp, ap) — (—1, —1), (3.43) 

= JM + hi] + ^^P' = a + (1 - + (1 - - ^CTp 
ifao^O, = (3.44) 

and 3? e -^i,3\M with {aq,aq) ^ (-1, -1), 

U = 2rol, z/ = a — 2rol 

" ^ (3.45) 

if To 7^ {0}, cto = 0, 'd{a^ i) 7^ 4, aq = —1 for all g e Ji,3. 

Now we are left the following two cases: 

To ^ {0}, ao = 0, d{a, i) = 4, = for all q e Ji,3. (3.46) 

To = {0}, = -1 for all g e Ji,3. (3.47) 

Suppose we are in case (3.46). If appears in u with nonzero coefficient, and {Pp, Pp) 7^ 
{ap, ap) for some p G /i,3, then (3.36) and (3.46) show that (/3p, (3p) = (0, 0), while {ap, ap) = 
(— 1, —1). Let m be the number of such p's, then (3.30) and (3.33) show that 

i?(/3, 0) = i){a, 0) + 2m = i){a, i) + 2m. (3.48) 

(Recall definition of d{a,i) in (3.3).) But w is also an eigenvector for 
(ada;^[oi)(ada;~^[oi) (cf. Claims 4 and 5) with eigenvalue equal to 

-A{2-'d{a,i)){4.-^{a,i)) = -4(2 - t?(/?, 0))(4 - f?(/?, 0)), (3.49) 

(cf. (3.2)), from this we obtain ?9(a,?') = ??(/?, 0) or 'i9{a,i) +'d{j3,0) = 6, and we get a 
contradiction from this and (3.46), (3.48). Thus we must have P = a, i.e., (3.39) holds in 

case (3.46). Now suppose we are in case (3.47). Then we have x"'* = cifx^^'^^'^M, x""'^'^*"*] 
for some Ci 7^ 0, A; e Z so that (3.41) is satisfied. This completes the proof of Statement 1. 

Now we prove d(x"'*) = by considering the following cases. 

Case 1: Fq 7^ {0} and i — ij^ (i.e., n — 0). 
We want to prove 

Ca+p,i+l = %i + ^PJ a,P er and I J ^ jj, e J, (3.50) 

We define 

Mc^XpJ) = (2 - ^{a,t))Po - «o(2 - ^(/9, J)). (3.51) 

Applying d to (3.2), and comparing the coefficients of x"^^'*"'"-' in both sides, we obtain that 

(3.50) holds if 0o(ct, i, /3, j) 7^ 0. Assume that (j)o{a,i, P, j) = 0. If ao, Po 7^ 0, then we can 
always choose 7 e F, such that 

(j)o{a + -f,i,p --f,j), 0o(a,«,7,O), 0o(/5, J, -7, 0), 00(7,0,-7,0)7^0, (3.52) 
so we have (note that Co,o = since d{l) — 0) 

'^a+P,i+j^ '^{q+7)+(/3-7),?+J = '^a+7,i + '^P-'yJ 

= Ca,i + C/3j + C7,0 + C-7,0 (3.53) 
= "^0,?+ "^/Jj + C7+(-7),0 = C„,i + C^J, 
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i.e., (3.50) holds if ao, Poy^O. If ckq 7^ = Pq, we can choose 7 e F such that cto 7^ 7o 7^ 0, 

so 

i.e., (3.50) holds if cto 7^ = /Sq. If cto = /So = 0, choose 7 G F such that 70 7^ 0, then we 
have all equalities of (3.53). Hence (3.50) holds in this case. Now (3.50) gives 

Ca,i = Ca,o + ^ VCo,i[pi foi" a e r and i ^ ij^ e J, (3.54) 

But (3.53), (3.21) and (3.25) show that 2co,ijp] = ^o,2[p] = for p G Jq. Thus c^^= Ca,o and 
(3.50) shows that /i : a ^ Ca,o defines an element fi G Hom2(F, F), and by substituting d 
hj d — d^, we can suppose 0^,0 — for all a G F, i.e., we proved that o?(a;"'*) = for all 
a G F, i = ijg G J. 

Case 2: Fq = {0},?= (i.e., n = 0). 

Applying d to [l,x"'*] = 2iox"'*~^M -y^^e obtain by indiiction on Zq that = c^^^ ■ 

Applying dto (3.2) and comparing coefficient of we obtain c^i + c^j — c^+^^^j 

if (2-'&(a, ?))jo-io(2-T?(/3, J)) 7^ 0. But io, io e N are arbitrary, we have c^^frc^j = ^a+^Z+J 

if (i9(a, i), ??(/?, j)) 7^ (2, 2). The rest of the proof is the same as in Case 1. 
Case 3: Fq ^ {0} and n > 0. 

Note that a general element x"' can be generated by the set 

S = {x^^ I /3 G F, J = Jj,, p G /2 U J3 U 75}. (3.55) 

Recall (3.39). By replacing by c? — X]pe72U/3Ui'5 ^o,i[p]f^tp) we can suppose d{t.p) = for 
p G /2U J3U/5 (this replacement does not affect the fact that (i(a;"'*) = for a G F, i = ij^). 
Thus d{S) = and so d{x'^'^) = 0. 
Case 4- Fq = {0} and n > 0. 

Similar to Case 3, a general element x"'* can be generated by 5" = {x^'^, | /5 G F, j = 
jj , p G /2 U J3 U Js}. The rest of the proof of this case is exactly the same as that of Case 
3.' 

This proves Claim 7 and Theorem 3.1. | 

4. Second cohomology groups 

In this section, we shall determine the second cohomology groups of the contact Lie 

algebra /C = IC{i, F). Recall that a 2-cocycle on /C is an F-bilinear function ip : IC x IC —>■ ¥ 
satisfying the following conditions: 

'4^{vi,V2) — —ip{v2,vi) (skew-symmetry), (4.1) 

V'(K, V2\,V3) + iIj{[v2, vs], vi) + iIj{[v3, Vi], V2) = (Jacobiau identity), (4.2) 

for Vi,V2,V3 G /C. Denote by C^(/C, F) the vector space of 2-cocycles on /C. For any F-linear 
function / : /C — > F, one can define a 2-cocycle ■0/ as follows 

ipf{vi,V2) = f{[vi,V2]) for vi,V2e)C. (4.3) 
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Such a 2-cocycle is called a 2-coboundary or a trivial 2-cocycle on /C. Denote by i?^(/C,F) 
the vector space of 2-coboundaries on /C. A 2-cocycle (f) is said to be equivalent to a 2- 
cocycle if — is trivial. For a 2-cocycle we denote by [ip] the equivalent class of ip. 
The quotient space 

H^{}C, F) =C2(/C, F) /S2(/C, F) = {the equivalent classes of 2-cocycles}, (4.4) 

is called the second cohomology group of /C. 

Lemma 4.1. IfJo^N or Lq 7^ £1, t/^en H^{K:,¥) = 0. 

Proof. Let be a 2-cocycle. Say £2 7^ (from the proof below, one sees that the proof 
is exactly similar if J'q = N or ^ for some i ^ 1,2). Fix p E I2 and define a linear 
function / by induction on ip as follows: 

(«p-«)-'(V'(^-"^2:"'0-^p/(x"'^-%l)) if apT^ap, ^^^^ 
\ (ip + l)-V(^~''^^''''"^^M) if oip^ap, 

for (a,?) e r X J. Set = - V^/. Then (3.5), (4.3) and (4.5) show that 

(/)(x-''^ x°^'^) = for (a,?) e r X J. (4.6) 
Using Jacobian identity (4.2), we obtain 

= 0(x-'"f, [x"'\x^'^]) 
= (ftp + - ftp - /3p)(/>(x'^^ x^^) (4.7) 

+ip0(x°'^-^K,x^'^^) + jp0(x°'^x^'^''-^M), 

for (a,i), (/9, j) G F x JT". If ctp + 7^ -|- /3p, by induction on ip + jp, we obtain 
(^{x^'^x'^'^) = 0. Otherwise (4.7) gives 

0(x"'>^'^) = -jp{ip+l)-''(f){x''^'+^i^\x'^'^-'i^^), (4.8) 

and by induction on jp, we again have 0(x"'*, a;^'-') = 0. Thus = 0. | 
Prom now on, we assume that J^o = {0} and lq = ii. Denote 

as in (2.19). Suppose i/j is a 2-cocycle. We define a linear function / as follows: First for 
a e F\{cr} with ao = 0, we define 



Then we set 



fix' 



Pa = min{p e 7i | (a^, a^) 7^ (-1, -1)}. (4.10) 

' (4(2 + 4))-iV(a;"^™,a;>i+'^)if a = (x, 
(2ao)-V(l,a;") if ao 7^ 0, 

(ttp — «p)~^-?/'(a;~°'p, x") if q; 7^ cr, tto = 0, ctp 7^ ctp, (4-11) 
-(2(ap + l))-^^{x-'^\p'^ , x°-^w+^M) 

if a 7^ (T, Cto = 0, Q!p = Q!p 7^ — 1, 
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where p = Pa- Set (p = ip — ipf- 
Lemma 4.2. For a eV, we have 

<f>{l,x^) = 0, (4.12) 
(f){x-'''',x'^) = for peh, (4.13) 
0(x2m,x") = for qeJi. (4.14) 

Proof. If tto 7^ 0, by definition, we have 0(1, x") = ^(1, x") — /([I, a;"]) = 0. If ao = 0, since 
/C = [/C, /C], we can always write x° as a linear combination of [x^, x'''] such that /3o + 7o = 0. 
Using Jacobian identity (4.2), we have 0(1, [,t^,,t''']) = (/?o + 7o)0(x^, a^'*') = 0. This proves 
(4.12). For any a,/? e T, from (4.12), we obtain = 0(1, [x",x^]) = (ao + /9o)0(2;", x^), 
thus 

0(x", x^) = for a,(3er with ckq + /9o 7^ 0. (4.15) 
Consider (4.13). We can suppose ckq = by (4.15). If ap = ap, we have (4.13) by writing 
as a linear combination of [x^,^'''] with /3p + — + Ip and using (4.2). Assume 
O-p 7^ ap. Then Pa < P- If p = Pa, we have (4.13) by definition (4.11). li r := Pa < p, 
then either = (a- - «,.)"^[a;-^'-, (if a- ^ a^) or a;° = (2(a-+ l))-i[a;2w , a;"-^w+^[^i] 
(if = Or 7^ —1), and we have (4.13) by Jacobian identity (4.2) and definition of fix") 
in (4.11). This proves (4.13). As in (4.15), we have 

(f){x°',x^) = if ttp + I3p ap + l3p for some p E h. (4.16) 

Consider (4.14). First suppose g G /i. If a^- = 0, then as above by writing x°' as a sum of 
the form [a;^,x'''] with /^^ = 75- = 0, we have (4.14). Assume a-g 7^ 0. Then < q- 

By (4.15)-(4.16) and the definition of /(x^^^M-^i?])^ using the same arguments as above, 
we have (4.14). Finally suppose q = p e Ii. We can assume that ckq = 0, = = — 1 
for r e h\{p} and ap — ap + 2 and = —1 (otherwise either we can use (4.15)-(4.16) to 
obtain (4.14) or we can write as [x^M,?/] for some r E Ii,y E K. and use (4.2), (4.13) to 
obtain (4.14)). But then is a multiple of [a;~^M, and [x^W, a;"^M+"] is a multiple 

of x~^i°^~^", and we can use (4.2) and the first case of (4.11) to obtain (4.14). This proves 
the lemma. 

Lemma 4.3. We have 0(x^w+(2-O[fi , x") = for all a e r,i e Z,p e h. 

Proof. We have the result for i = 0, 1, 2 by (4.13)-(4.14). The general result can be obtained 

by writing as a multiple of the form [x'^M ^ x^''M+^'^~''\p]'\ for some r — p,p and 

some k E Ij such that \k\ < and using (4.2) and by induction on | 

Lemma 4.4. We have 0(a;",X'^) = Sa+i3,aCa for all a,(5 eT and some Ca E F. 

Proof. Assume that 4>{x",x^) ^ 0. First we prove 

ap = ap = =^ /3p = f3p = -1 for p E h. (4-17) 

Suppose ap — 0,(3p^ —1, then [x^w, x"] = 0, we have 

= 0([x^w,x''],x^~^w+^i^i) 
= -0(a;", [x2w,x^-iw+i[^i]) = -(/3p + l)0(x",x^), 

which is a contradiction with the assumption that (f){x°',x^) 7^ 0. Thus ap — implies 
Pp — —1. Similarly ap — imphes Pp — —1, i.e., we have (4.17). Now set 

5- = {x° I a G r, {ap, ap) 7^ 0, Up + ap^ 0, -1, -2 for all p E /i}, (4.19) 



(4.18) 
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(4.22) 



First assume that e S. By (4.15)-(4.16), we can suppose 

ao + /9o = 0, ap + /3p = ap + pp for p e h. (4.20) 

By Lemma 4.3 and Jacobian identity (4.2), we have 

-4:{ap + l)ap(j){x'',x^) = 0([a:2w, [x^w, x"]], x^) 

= 0(a;", [x^w, [a;2M,a;^]]) (4.21) 
= -4(/5p + l)/5p0(a;",a;/^), 

and 

4(-(ap-2) -3(ap + 2))(ap- l)ap0(a;", x'^) 
= 0([a;-^w+^M, [x^w, [a;^w,x"]]],x^) 
= -0(x", [x^w, [x^w, [a;"^w+^i5'i,a;'^]]]) 
= -4(/3p+l)(/^ + 2)(-/^-3/5,)0(a;",a;^), 

for p e h. If 0(a;",a;^) ^ 0, from (4.17), (4.20)-(4.22) and the fact that a e S,we obtain 
(^p + = —1 for aU p e Ji, i.e., a + P = a. Thus we have the result of Lemma 3.4 in the 
case a E S. The general result of Lemma 4.4 follows from Jacobian identity (4.2) and the 
fact that 5" is a generating set of /C (the proof of Statement 1 in Section 3 shows that 5" is 
a generating set of /C). | 
Lemma 4.5. We have Cq, = for a G F. 

Proof. Fix p e /i (note that we require at the beginning of Section 2 that Lq > 0, i.e., 
^1 > by the assumption lq — £i) and take P — l[o] + For any a e F with ap ^ 0, 
considering 0([x", x'^], x"""''^^'^""'^) and using (4.2), we have 

{oLpPp - apPp)ca+f3+a^ = {ap/3p - apPp)ca + (ap/Sp - apPp)cp, (4.23) 

that is 

Ca+O+ap =Ca + C(3. (4.24) 

Now considering (f){[x°' , x^'^'^^], x~"~^~^'^) , we have 
(2 - ?9(a, 0) - 3ao)ca+f3+ap 

= (-3(ao + !)-(! + i^{a, 0) + 2£i))c« (4.25) 
-((2 - ^a, 0))(-ao - 1) - «o(l + ^{a, 0) + 24))c^+a,. 

Using (4.24) in (4.25), we obtain that 

2(3 + £i)c„ = (2 - ^{a, 0) - 3ao)cp - {ao{3 + 2i,) + 2 - i^{a, 0))c^+,^. (4.26) 

Setting a = a (then ^ 0), by skew-symmetry (4.1) and the second case of (4.11), we 
have Co- = — Cq = 0, we obtain = c^+o-j,. Thus (4.26) becomes 

Ca = aoC/3, (4.27) 

holds for all a G F with otp ^ 0. If ap = 0, then {—a + o")p 7^ and by skew-symmetry 
(4.1), we have = —c_a+ap = ~{~C(oCp) = QiQCp, i.e., (4.27) holds for all a G F. But the 
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first case of (4.11) and (4.27) sfiow tfiat = c_2[o] — ~2c/j, and so (4.27) gives tfiat Ca — 
for all a eT. I 

The above lemmas have proved the following theorem. 
Theorem 4.6. H'^{IC,¥) = 0. I 
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